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What is Huntington disease?




What is Huntington disease?

 Inherited neurodegenerative disease caused by a triplet repeat expansion of cytosine-
adenine-guanine (CAG) in the HTT genel.

CAG CAA CAG CAG



What is Huntington disease?

 Inherited neurodegenerative disease caused by a triplet repeat expansion of cytosine-
adenine-guanine (CAG) in the HTT genel.

CAG CAA CAG CAG
 Any individual with > 40 CAG repeats will develop HD with 100% certainty?.



What is Huntington disease?

CAG CAA CAG CAG

Why study Huntington disease?
* No therapies that stop or delay onset of symptoms exist2.
 Triad of symptoms: motor, cognitive, and psychiatricl.




Cognitive health

Stroop word reading test

« Assessment that requires participants to read
the printed card color name while the ink is a
different color.

 Score reflects the number of correct responses
 Higher indicates better cognitive health
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Cognitive health

Stroop word reading test

« Assessment that requires participants to read
the printed card color name while the ink is a
different color.

 Score reflects the number of correct responses
 Higher indicates better cognitive health

PREDICT-HD Study

 Non-interventional multi-centered longitudinal
study of Huntington disease.

* N=1,033 individuals with > 40 CAG repeats.
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Cognitive health ~ Time (which metric)

Stroop Word Reading Test
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lagnosis

Cognitive health ~ Timeto D
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What is the statistical problem?



Bejamin button process (Revival analysis)

References the idea of analyzing time in reverse, leading up to an event of interest3.




Bejamin button process in action
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Bejamin button process in action, cont.
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Figure 5: Cognitive markers in
Alzheimer’s disease (2024)%

== Executive function

Deep interest in how health
markers and medical payments
evolve around a clinical
milestone (e.g., menarche,
death, or motor diagnosis).

This information is useful in
clinical care, management, and
the development of clinical trials
aimed at developing treatments.
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Right-censored covariate problem

Often called revival analysis, deals with the problem of analyzing time in reverse,
leading up to an event of interest. For the it" subject, consider the regression model

Yi = m(Xi,Zi;ﬁ) + €, € ~ N(O,O'Z)
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Right-censored covariate problem

Often called revival analysis, deals with the problem of analyzing time in reverse,
leading up to an event of interest. For the it" subject, consider the regression model

Yi = m(Xi,Zi;ﬁ) + €, € ~ N(O,O'Z)

Statistical Problem: Instead of observing X we observe (W,A)

We are interested in estimating 8 = (B*, o) using (Y, W, A, Z), where (Y, Z) are
always observed but W = min(X,C) and A = I(X < C).
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Right-censored covariate problem

Q1: Can a right-censored covariate be treated as a missing covariate?
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Right-censored covariate problem

Q1: Can a right-censored covariate be treated as a missing covariate?

When X is missing, the observed data is (Y, XR,R,Z), whereas the observed data
for the right-censored covariate is (Y, W, A, Z).

Answer: Depends. In many settings you can introduce bias’.
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When X is missing, the observed data is (Y, XR,R,Z), whereas the observed data
for the right-censored covariate is (Y, W, A, Z).

Answer: Depends. In many settings you can introduce bias’.

E International Statistical Review 2 ChecT
International Statistical Review (2026) doi: 10.1111/insr.70043 .

Assumptions
How Estimators Change When Adapted Outcome independent censoring
From the Missing Covariate Problem to Y I C|(X,2)
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Right-censored covariate problem

Q1: Can a right-censored covariate be treated as a missing covariate?

When X is missing, the observed data is (Y, XR,R,Z), whereas the observed data
for the right-censored covariate is (Y, W, A, Z).

Answer: Depends. In many settings you can introduce bias’.

N . . . '.) Check f
E International Statistical Review |
Tnfernationdl Statistical Review (2026) doi: 10,111 1/insx70043 Esti mators va I id ated

« Complete case (CC)

How Estimators Change When Adapted » Inverse probability weighting (IPW)
From the Missing Covariate Problem to * Maximum likelihood estimator (MLE)

the Right-Censored Covariate Problem Estimators proposed

« Augmented complete case (ACC)
Jesus E. Vazquez' ©, Marissa C. Ashner”, Yanyuan Ma’, « Modified ACC (MACQC)
Karen Marder® and Tanya P. Garcia® . Aug mented IPW ( Al PW)
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What is outcome dependent
censoring?



Outcome dependent censoring

13



Outcome dependent censoring
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Outcome dependent censoring

Most estimators assume outcome-independent censoring
«CLY|(X7Z)789
« C 1L (Y,X) | Z 1011

This assumption is reasonable when censoring arises from administrative factors
such as predetermined study end dates. However, in many studies of progressive
diseases, censoring depends directly on the outcome, violating outcome-
independent assumptions.
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Outcome dependent censoring

Outcome influences censoring

Individuals with high cUHDRS scores (better health) may not be diagnosed
during the study period. Therefore:

e CLY|(X,Z)doesnothold » C4Y|(X,Z2).
 Estimators that rely on this assumption will lead to bias.
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Outcome dependent censoring

Outcome influences censoring

Individuals with high cUHDRS scores (better health) may not be diagnosed
during the study period. Therefore:

e CLY|(X,Z)doesnothold » C4Y|(X,Z2).
 Estimators that rely on this assumption will lead to bias.

Important for investigating cUHDRS

Need to develop consistent estimators that may estimate the parameters
indexing the regression model:

cUHDRS; = By + f4TTMCI; + ,CAG; + f;Education; + B,Sex; + €;

14



Our goal

Robustness

—

Efficiency
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Eye bird view of contributions

Consistent Estimators

« IPW estimatorl3.14,

« AIPW estimator and improved form.
« Maximum likelihood estimator.
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Eye bird view of contributions

Consistent Estimators

« IPW estimatorl3.14,

« AIPW estimator and improved form.
« Maximum likelihood estimator.

Inconsistent Estimators

« Complete case estimator.

« ACC estimator and improved forms.

« MACC and improved forms.
 Conditional mean imputation estimator.
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Inverse probability weighting (IPW)

Probability of complete observation

Ty xz(y,w,z2) =Pr(C>w|Y =y,X =x,Z = z)
=[1(C > w)fewxz(€,y,x,2)dc
= [ I(C = w)f¢yz(c,y, 2)dc
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Inverse probability weighting (IPW)

Probability of complete observation Assumptions
Ty xz(y,w,z2) =Pr(C>w|Y =y,X =x,Z = z) 1.C4Y|(X,2)
= [ I(C = wW)feyxz(c,y,x,2)dc 2.C 1L X|(Y,7)

= [ 1(C =2 w)f¢yz(c,y, 2)dc

Estimating Equations

0
= 0, where Sp(y;, x;, ;) = ——log fyixz(yi, x;, 25 60)

n F
z 0;8S¢ Vi, Wi, Z;)
00T

—~ Ty x.z (Vi Wi, Z;)
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Augmented Inverse probability weighting (AIPW)

Augments the IPW estimator to improve efficiency.
Estimating Equations

n
(yl' Wi, l) { 51 } ]
; [T[Y X Z(yl) Wi, l) T[Y,X,Z(yi; w;, Zi) AIPW\V' 1 &1
] | |
Y Y
IPW estimator Augmentation term
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Augmented Inverse probability weighting (AIPW)

Augments the IPW estimator to improve efficiency.
Estimating Equations

n
(yl' Wl) l) { 5[ }
; [T[Y X Z(yl) Wi, l) T[Y,X,Z(yi; w;, Zi) AIPW\V' 1 &1
) \ }
Y Y
IPW estimator Augmentation term

Form of augmentation term (efficient choice)

EX|YZ[{1 o 1/7TYXZ(yuX Zl)}S (yuX Zl)]
EX|Y,Z{1 —1/my x2(yi, X, Z;) }

Warpw (1,235 0) =

18



Improved AIPW

Modifies the AIPW estimator to guarantee improved efficiency.
Estimating Equations

n
5iSe (Vi Wi, Z;) { 5; }
- Apipw ¥ ,2;;0)| =0
\ o |
! Y
IPW estimator Augmentation term
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Improved AIPW

Modifies the AIPW estimator to guarantee improved efficiency.

Estimating Equations
= [ 8,5 (v, wy, ;) 5
2o\Jir"Wir4q [
+{1— Aprpw? ,Z;;0)| =0
2 Ty x,z (Vi Wi, Z;) { nY,X,Z(vai»Zi)} s ¥ e (V1 2 )]

=1
\ ] | \ l
| |

IPW estimator Augmentation term

Form of augmentation term (efficient choice)
Aarew = Eywazl{1 —A/my x (Y, W,Z)}Se(Y, W, Z)¥p1pw(Y, Z; 0)"]

®2\ !
Eywaz ([(1 = 8/y (0 W, 2)Warpw(Y, Z;0)] )
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Maximum likelihood estimator

The MLE estimator takes the partial derivative of log-likelihood with respect to 6.

Estimating Equations [

- J oS i X, 2) frix z Vi %, 20 fr 2 (x, 2;) dx
z 5:Se (Vi Wi, z;) + (1 —8;) — —0
\ } fwi<x fY|X,Z(yil X, Zi)fX|Z(x; Zi)dx

CC estimator | ]
|

Censored data term

i=1 |

Each component is not zero in expectation, but together, the expectation of the
estimating equation is equal to zero.
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Estimator choice depends on right-censoring rate

Consistency depends on the correct nuisance distribution specification
- IPW and AIPW (both forms): require correct f¢y z(c,y, 2)

- MLE: requires correct fxz(x, z)
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Estimator choice depends on right-censoring rate

Consistency depends on the correct nuisance distribution specification
- IPW and AIPW (both forms): require correct f¢y z(c,y, 2)
- MLE: requires correct fxz(x, z)

High Censoring rates

We observe (Y, C,Z) more often than (Y, X, Z): easier to estimate fey z(c,y, 2).
Low Censoring rates

We observe (Y, X,Z) more often than (Y, C, Z): easier to estimate fx,z(x, z).
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Estimator choice depends on right-censoring rate

Consistency depends on the correct nuisance distribution specification
- IPW and AIPW (both forms): require correct f¢y z(c,y, 2)

- MLE: requires correct fxz(x, z)

High Censoring rates

We observe (Y, C,Z) more often than (Y, X, Z): easier to estimate fey z(c,y, 2).
Low Censoring rates

We observe (Y, X,Z) more often than (Y, C, Z): easier to estimate fx,z(x, z).

Our recommendations:
- High censoring rate (= 70%): IPW or AIPW

- Low censoring rate (< 70%): MLE

21



Simulations: Bias
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Simulations: Coverage
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Simulations: Efficiency

Estimator Specification Bias (%) SE SD Cov
Intercept: 5y =1

IPW correct Ty xz -0.21 613 6.37 93.61
incorrect Ty, xz -21.89 617 630 619
estimated 7y, x z -0.07 5.61 562 94.05

MLE correct fxz -0.06 403 399 954
incorrect fxz -5.86 4.01 397 6845
estimated fxz 0.10 418 401 9582

AlIPW without using A
correct Ty, x z and correct ¥ arpw(y, z) 0.11 515 514 9452
incorrect my, x,z and correct ¥ x1pw (¥, z) -1345 653 650 46.29
correct Ty x z and incorrect W o1pw(y, z) -017 149 140 9485
incorrect my, x,z and incorrect W 5 1pw (¥, 2) 2550 1529 15.66 63.41
estimated 7y, x z and estimated W o1pw (v, z) 0.05 475 467 94.65
using A
correct Ty xz -0.63 499 511 9395
incorrect Ty, X,Z -16.84 5.34 5.48 12.61
estimated 7y, xz -0.57 547 479 96.27
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Simulations: Efficiency

Estimator Specification Bias SE SD Cov
Intercept: 5y =1

IPW correct Ty, xz -0.21 6.13 637 93.61
incorrect Ty, x z -21.89 617 6.30 6.19
estimated 7y, x z -0.07 5.61 5.62 94.05

MLE correct fxz -0.06 403 3.99 95.41
incorrect fxz -5.86 4.01 397 68.45
estimated fxz 0.10 418 4.01 95.82

AIPW without using A
correct my, x z and correct ¥ apw(y, z) oM 515 514 9452
incorrect my, x z and correct ¥ a1pw (Y, 2) -1345 653 6.50 46.29
correct my, x z and incorrect ¥ arpw (v, z) -017  1.49 11.40 94.85
incorrect wy, x z and incorrect W a1pw (v, z) 2550 15.29 15.66 63.41
estimated 7y, x z and estimated ¥ 1pw (v, z) 0.05 475 467 94.65
using A
correct y, xz 063 (499 [51 (9395
incorrect my, x z -16.84 534 548 12.61
estimated 7y x z -057 547 479 96.27
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Application to Huntington disease

Table 1. Linear regression parameter estimates (standard errors) of the composite Unified
Huntington Disease Rating Scale (CUHDRS), PREDICT-HD (n = 833).

Estimator Intercept TTMCI (Years) CAPs Education (Years) Sex (Female)
IPW -1927 (0.247)**  -0.166 (0.040)** -0.022 (0.016) 0.038 (0.049) 0.295 (0.227)
AIPW -0.991(0.130)**  -0.034 (0.003)** -0.042 (0.006)** 0.084 (0.019)** 0.225 (0.117)
AIPW with A -1.826 (0.283)**  -0.148 (0.038)** -0.026 (0.014) 0.047 (0.034) 0.198 (0.202)
MLE -1.298 (0.286)**  -0.054 (0.017)** -0.028 (0.044) 0.050 (0.006)** 0.141(0.239)

Note: cUHDRS and Education are centered at their mean; CAP Score is centered at its mean and scaled by
a factor of 10; TTMCI refers to Time to Mild Cognitive Impairment, which is calculated as current age minus
age at cognitive impairment.
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Eye bird view of contributions

Robustness
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Efficiency
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Thank You!

Jesus E. Vazquez, Ph.D.

Provost's Postdoctoral Fellow

https://arxiv.org/abs/2511.15929
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Recipe for deriving augmented estimators

Let Y be the influence function of a consistent m-estimator. We define the
efficiency condition as,

0 = cov(Yavg—T,Yauc)
= var(Yauvg) — cov(Y, Yauag)-

Under the efficiency condition we satisfy,
—var(X) > var(Yaug)

Augmented estimator is more efficient than the original estimator.
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  Δ = I  (  X ≤ C )


   i  t h


   Y i = 𝒎  (   𝑿 𝒊 ,    𝒁 𝒊 ; 𝜷 ) +  𝜖 i ,    𝜖 i ∼ N ( 0 ,  𝜎 2 )


  ( Y , X , C , Z )


  𝑿


   (  𝑾 , 𝚫 )


  𝛉 = (  𝛃 T ,   𝜎 )


   (  Y , W , Δ ,   Z )


   (  Y , Z )


  W = m i n ( X , C )


  Δ = I  (  X ≤ C )


  ( Y , X , C , Z )


   i  t h


   Y i = 𝒎  (   𝑿 𝒊 ,    𝒁 𝒊 ; 𝜷 ) +  𝜖 i ,    𝜖 i ∼ N ( 0 ,  𝜎 2 )


  𝑿


   (  𝑾 , 𝚫 )


  𝛉 = (  𝛃 T ,   𝜎 )


   (  Y , W , Δ ,   Z )


   (  Y , Z )


  W = m i n ( X , C )


  Δ = I  (  X ≤ C )


  ( Y , X , C , Z )


   i  t h


   Y i = 𝒎  (   𝑿 𝒊 ,    𝒁 𝒊 ; 𝜷 ) +  𝜖 i ,    𝜖 i ∼ N ( 0 ,  𝜎 2 )


  ( Y , XR , R , Z )


   (  Y , W , Δ , Z )


  ( Y , XR , R , Z )


   (  Y , W , Δ , Z )


  ( Y , XR , R , Z )


   (  Y , W , Δ , Z )


  Y ⫫ C |   ( X , Z )


  X ⫫ C |   Z


  X ⫫ C |   Z


  ( Y , XR , R , Z )


   (  Y , W , Δ , Z )


  Y ⫫ C |   ( X , Z )


  X ⫫ C |   Z


  X ⫫ C |   Z


  C ⫫ Y   |    (  X , Z )


  C ⫫ ( Y , X )   |   Z


  C ⫫ Y   |    (  X , Z )


  C ⫫ ( Y , X )   |   Z


  C ⫫ Y   |    (  X , Z )


  C ⫫ ( Y , X )   |   Z


  C ⫫ Y   |    (  X , Z )


  C ⫫ ( Y , X )   |   Z


  C ⫫ Y   |    (  X , Z )


  C ⫫ ( Y , X )   |   Z


  C ⫫ Y |    (  X , Z )


  → C ⫫ Y |   ( X , Z )


  +  𝛽 2 C A G +  𝛽 3 E d u c a t i o n +  𝛽 4 S e  x i +  𝜖 i ,     𝜖 ∼ N ( 0 ,  𝜎 2 )


  C ⫫ Y |    (  X , Z )


  → C ⫫ Y |   ( X , Z )


    c U H D R S i =  𝛽 0 +  𝛽 1 T T M C  I i +  𝛽 2 C A  G i +  𝛽 3 E d u c a t i o  n i +  𝛽 4 S e  x i +  𝜖 i


   𝜋  Y , X , Z ( y , w , 𝒛 )


  = P r  (  C > w |  Y = y ,   X = x , 𝒁 = 𝒛 )  


  = ∫ I  (  C ≥ w )  f  C | Y , X , 𝒁  (  c , y , x , 𝒛 ) d c


  = ∫ I  (  C ≥ w )  f  C | Y , 𝒁  (  c , y , 𝒛 ) d c


  C ⫫ Y |   ( X , Z )


  C ⫫ X |   ( Y , Z )


   ∑  i = 1 n       𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i )   𝜋  Y , X , Z (  y i ,  w i ,  𝒛 𝒊 ) = 𝟎 ,   where     𝑺 𝜽 F  (   y i ,  x i ,  𝒛 i ) =  𝜕  𝜕  𝜃 T   log ⁡   f  Y | X , 𝒁  (   y i ,  x i ,  𝒛 𝒊 ; 𝜽 )


   𝜋  Y , X , Z ( y , w , 𝒛 )


  = P r  (  C > w |  Y = y ,   X = x , 𝒁 = 𝒛 )  


  = ∫ I  (  C ≥ w )  f  C | Y , X , 𝒁  (  c , y , x , 𝒛 ) d c


  = ∫ I  (  C ≥ w )  f  C | Y , 𝒁  (  c , y , 𝒛 ) d c


  C ⫫ Y |   ( X , Z )


  C ⫫ X |   ( Y , Z )


   ∑  i = 1 n       𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i )   𝜋  Y , X , Z (  y i ,  w i ,  𝒛 𝒊 ) = 𝟎 ,   where     𝑺 𝜽 F  (   y i ,  x i ,  𝒛 i ) =  𝜕  𝜕  𝜃 T   log ⁡   f  Y | X , 𝒁  (   y i ,  x i ,  𝒛 𝒊 ; 𝜽 )


   𝜋  Y , X , Z ( y , w , 𝒛 )


  = P r  (  C > w |  Y = y ,   X = x , 𝒁 = 𝒛 )  


  = ∫ I  (  C ≥ w )  f  C | Y , X , 𝒁  (  c , y , x , 𝒛 ) d c


  = ∫ I  (  C ≥ w )  f  C | Y , 𝒁  (  c , y , 𝒛 ) d c


  C ⫫ Y |   ( X , Z )


  C ⫫ X |   ( Y , Z )


   ∑  i = 1 n       𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i )   𝜋  Y , X , Z (  y i ,  w i ,  𝒛 𝒊 ) = 𝟎 ,   where     𝑺 𝜽 F  (   y i ,  x i ,  𝒛 i ) =  𝜕  𝜕  𝜃 T   log ⁡   f  Y | X , 𝒁  (   y i ,  x i ,  𝒛 𝒊 ; 𝜽 )


   ∑  i = 1 n   [       𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i )   𝜋  Y , X , Z (  y i ,  w i ,  𝒛 i ) +  {  1 −    𝛿 i   𝜋  Y , X , Z  (   y i ,  w i ,  𝒛 i ) }  Ψ  AIPW (  y i ,  𝒛 i ; 𝜽 ) ] = 𝟎


   Ψ  AIPW  (   y i ,  𝒛 i ; 𝜽 ) =    E  X | Y , 𝒁 [ { 1 − 1 /  𝜋  Y , X , 𝒁 ( y , X , 𝒛 ) }  𝑺 𝜽 F ( y , X , 𝒛 ) ]   E  X | Y , 𝒁 { 1 − 1 /  𝜋  Y , X , 𝒁 ( y , X , 𝒛 ) }  


   ∑  i = 1 n   [       𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i )   𝜋  Y , X , Z (  y i ,  w i ,  𝒛 i ) +  {  1 −    𝛿 i   𝜋  Y , X , Z  (   y i ,  w i ,  𝒛 i ) }  Ψ  AIPW (  y i ,  𝒛 i ; 𝜽 ) ] = 𝟎


   Ψ  AIPW  (   y i ,  𝒛 i ; 𝜽 ) =    E  X | Y , 𝒁 [ { 1 − 1 /  𝜋  Y , X , 𝒁 (  y i , X ,  𝒛 𝒊 ) }  𝑺 𝜽 F (  y i , X ,  𝒛 𝒊 ) ]   E  X | Y , 𝒁 { 1 − 1 /  𝜋  Y , X , 𝒁 (  y i , X ,  𝒛 𝒊 ) }  


   ∑  i = 1 n   [       𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i )   𝜋  Y , X , Z (  y i ,  w i ,  𝒛 i ) +  {  1 −    𝛿 i   𝜋  Y , X , Z  (   y i ,  w i ,  𝒛 i ) }  𝚲  AIPW  Ψ  AIPW (  y i ,  𝒛 i ; 𝜽 ) ] = 𝟎


   ∑  i = 1 n   [       𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i )   𝜋  Y , X , Z (  y i ,  w i ,  𝒛 i ) +  {  1 −    𝛿 i   𝜋  Y , X , Z  (   y i ,  w i ,  𝒛 i ) }  𝚲  AIPW  Ψ  AIPW (  y i ,  𝒛 i ; 𝜽 ) ] = 𝟎


   𝚲  AIPW =  E  Y , W , Δ , 𝒁 [ { 1 − Δ /  𝜋  Y , X , Z ( Y , W , 𝒁 ) }  𝑺 𝜽 F ( Y , W , 𝒁 )  Ψ  AIPW    (  Y , 𝒁 ; 𝜽 ) T ]


                                                                         E  Y , W , Δ , 𝒁    (     [  { 1 − Δ /  𝜋  Y , X , Z ( Y , W , 𝒁 ) }  Ψ  AIPW  (  Y , 𝒁 ; 𝜽 ) ]  ⊗ 2 )  − 1


   𝜽 T .


   ∑  i = 1 n   [     𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i ) + ( 1 −  𝛿 i )    ∫   w i < x      𝑺 𝜽 F (  y i , x ,  𝒛 i ) f  Y | X , 𝒁  (   y i , x ,  𝒛 𝒊 )  f  X | 𝒁  (  x ,  𝒛 𝒊 ) d x   ∫   w i < x    f  Y | X , 𝒁  (   y i , x ,  𝒛 𝒊 )  f  X | 𝒁  (  x ,  𝒛 𝒊 ) d x ] = 𝟎


   𝜽 T .


   ∑  i = 1 n   [     𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i ) + ( 1 −  𝛿 i )    ∫   w i < x      𝑺 𝜽 F (  y i , x ,  𝒛 i ) f  Y | X , 𝒁  (   y i , x ,  𝒛 𝒊 )  f  X | 𝒁  (  x ,  𝒛 𝒊 ) d x   ∫   w i < x    f  Y | X , 𝒁  (   y i , x ,  𝒛 𝒊 )  f  X | 𝒁  (  x ,  𝒛 𝒊 ) d x ] = 𝟎


   𝜽 T .


   ∑  i = 1 n   [     𝛿 i 𝑺 𝜽 F (  y i ,  w i ,  𝒛 i ) + ( 1 −  𝛿 i )    ∫   w i < x      𝑺 𝜽 F (  y i , x ,  𝒛 i ) f  Y | X , 𝒁  (   y i , x ,  𝒛 𝒊 )  f  X | 𝒁  (  x ,  𝒛 𝒊 ) d x   ∫   w i < x    f  Y | X , 𝒁  (   y i , x ,  𝒛 𝒊 )  f  X | 𝒁  (  x ,  𝒛 𝒊 ) d x ] = 𝟎


   f  C | Y , 𝒁  (  c , y , 𝒛 )


   f  X | 𝒁  (  x , 𝒛 )


  ( Y , C , 𝒁 )


   (  Y , X , 𝒁 )


   f  C | 𝒀 , 𝒁  (  c , y , 𝒛 )


  ( Y , X , 𝒁 )


   (  Y , C , 𝒁 )


   f  X | 𝒁  (  x , 𝒛 )


   f  C | Y , 𝒁  (  c , y , 𝒛 )


   f  X | 𝒁  (  x , 𝒛 )


  ( Y , C , 𝒁 )


   (  Y , X , 𝒁 )


   f  C | 𝒀 , 𝒁  (  c , y , 𝒛 )


  ( Y , X , 𝒁 )


   (  Y , C , 𝒁 )


   f  X | 𝒁  (  x , 𝒛 )


   f  C | Y , 𝒁  (  c , y , 𝒛 )


   f  X | 𝒁  (  x , 𝒛 )


  ( Y , C , 𝒁 )


   (  Y , X , 𝒁 )


   f  C | 𝒀 , 𝒁  (  c , y , 𝒛 )


  ( Y , X , 𝒁 )


   (  Y , C , 𝒁 )


   f  X | 𝒁  (  x , 𝒛 )


  ≥ 𝟕 𝟎 %


  < 𝟕 𝟎 %


   f  C | 𝒀 , 𝒁


   f  C | 𝒀 , 𝒁


   f  C | 𝒀 , 𝒁


   f  X | 𝒀 , 𝒁


   f  C | 𝒀 , 𝒁


  𝚲


   f  C | 𝒀 , 𝒁


   f  C | 𝒀 , 𝒁


   f  X | 𝒀 , 𝒁


   f  C | 𝒀 , 𝒁


  𝚲


   f  C | 𝒀 , 𝒁


   f  X | 𝒁


   f  C | 𝒀 , 𝒁


   f  X | 𝒀 , 𝒁

